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Abstract
The central collision between two solid spheres or the normal collision between a sphere and a plate are important to
understand in detail before studying more complex particle interactions. Models exist to describe this basic problem but
are not always consistent with available experiments. An interesting benchmark to compare models and experiments
is the relation between the normal coefficient of restitution e and the incident velocity vi. In order to draw a broad
comparison between experiments and models (Krijt, S., Gu¨ttler, C., Heißelmann, D., Tielens, A.G.G.M., Dominik, C.,
Energy dissipation in head-on collisions of spheres, submitted), we provide in this article an overview on the literature
describing experiments on normal collisions, preferably providing data on e(vi). We will briefly summarize our expectation
on this relation according to an established collision model in order to classify these experiments. We will then provide
an overview on experimental techniques, which we found in the summarized articles, as well as a listing of all experiments
along with a description of the main features of these. The raw data on e(vi) of the listed experiments were digitized and
are provided with this article.
1 Introduction
The problem of dropping a solid sphere from a certain
height onto a massive plate of the same material and mea-
suring the rebound velocity is such a fundamental process
that it is expected to be understood in detail. Indeed, much
work has been done on this problem, which is mandatory
for understanding more complex collisional processes which
are necessary to understand complex systems related to as-
trophysics (dust coagulation, Saturn’s rings, rubble pile as-
teroids) or industrial processes (handling of powders, fill-
ing of silos). But still, it is not fully understood and there
are several striking disagreements between experiments and
models.
This study is motivated by recent developments in the
field of planet formation where our understanding of col-
lisions of small aggregates of silicate dust – which should
ideally stick to each other and grow into planets – relies
on a good interaction model between the microscopic dust
grains. A misfit between laboratory collision experiments
and numerical simulations of these (Gu¨ttler et al., 2010;
This article was published on the arXiv motivated by our need
for a broad survey on the experimental literature as well as the raw
data from these. This will be used in the paper of Krijt et al. (2013b).
A future publication of the article at hand in a refereed journal is not
excluded but also not foreseen at the moment. In any case, constructive
comments are very welcome.
Wada et al., 2011) made us look into the interaction model
again to find the reason for this. Moreover, recent attempts
to describe collisions of millimeter sized, porous dust aggre-
gates on a macroscopic scale with an established collision
model for solid particles (Thornton and Ning, 1998) turned
out to be surprisingly successful (Weidling et al., 2012) so
that any development in our understanding of this simple
problem of a sphere dropping onto a plate would stimulate
the field of planet formation.
The elastic contact between two spheres or between a
sphere and a plate has been described by Hertz (1881),
Johnson et al. (1971) and Derjaguin et al. (1975) added
the attractive adhesion between the two surfaces in contact.
A conclusive description of a collision including adhesion,
elastic, and plastic deformation has been given by Thornton
and Ning (1998). Although there are other models (e.g., for
viscous dissipation, Brilliantov et al., 2007) we will restrict
our discussion to the model of Thornton and Ning, which in-
cludes an analytic description of the coefficient of restitution
e (the ratio of the velocities after and before the collision)
as a function of the incident velocity vi.
Focusing on this relation between the coefficient of resti-
tution and the incident velocity, our attempt is to give an
overview on the broad literature on experiments that present
data on this relation and, in a second step presented by Krijt
et al. (2013a,b), draw a comparison between those experi-
ments and theoretical models. In earlier works, models have
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Figure 1: Expected relation for the coefficient of restitution
against the incident velocity (after Thornton and Ning, 1998).
been developed and described but rarely been tested with
good experiments – partly because those were not available –
and if so only to a limited number. A positive example how-
ever where this has been done is by Kim and Dunn (2007),
who compared six different experiments on normal collisions
to two different (microsphere) impact models. However, as
we will show, many more experiments exist and we believe
that it is worth to draw a broader comparison.
With a focus on the experimental data of e(vi), we have
the potential to gain information on the adhesive interac-
tion at low velocities as well as the plastic or viscous dissi-
pation at larger velocities. The relation that was developed
by Thornton and Ning (1998, their Eqs. (79) to (81)1) is
presented in Fig. 1. The curve is parametrized by two ve-
locities: the sticking velocity vs is the critical velocity below
which all collisions lead to adhesive sticking and the coeffi-
cient of restitution is zero. Apart from the size, mass, and
elastic properties (Young’s modulus, Poisson’s ratio) of the
colliding particles, the sticking velocity is determined by the
surface energy, a sink to dissipate kinetic energy. The sec-
ond parameter, the plastic yield velocity vy, is the threshold
above which the particles do not behave fully elastic any
more. It involves the yield pressure above which the mate-
rial plastically yields (Johnson, 1985).
The curves in Fig. 1 show the following characteristics:
the coefficient of restitution is zero for velocities smaller
than the sticking velocity and then steeply rises as e =
{1 − (vs/vi)2}1/2. If the yield velocity is much larger than
the sticking velocity (red dash-dotted curve), the coefficient
of restitution shows a plateau close to unity for velocities be-
tween the stick and yield velocity. If those two parameters
are not too different (e.g., blue solid curve), the maximum is
well below unity as there is always considerable dissipation
of energy, either by the adhesive contact or by plastic defor-
1Please note than Eq. (81) of Thornton and Ning (1998) contains
a typo, the leading constant should read 6
√
3/5.
mation. It is very conceivable that some materials may have
vy < vs so that the maximum can be at a relatively small
level. The slope of the decline of the coefficient of restitu-
tion for velocities larger than the yield velocity and much
larger than the stick velocity then approaches e ∝ v−1/4i .
It should be noted that the shape of the curve is fixed by
the model of Thornton and Ning but it can be shifted hor-
izontally depending on the yield velocity (vi is normalized
by vy in Fig. 1). The maximum, and especially the shape
of the maximum is determined by the ratio between stick
and yield velocity. If the model is correct, a rather constant
coefficient of restitution should only exist near unity, which
is not observed in many experiments as we will show later.
Figure 1 is given here only for illustrative purposes to
develop a certain expectation on how the data of the ex-
periments presented below should qualitatively look like to
be comparable to established collision models. A detailed
comparison between laboratory data and theoretical colli-
sion models will be drawn by Krijt et al. (2013b) and our
task is now to give an overview on the literature on avail-
able experiments. We found 25 experiments (in a larger
number of publications) with useful data on e(vi) which are
presented in Table 1. The data from these publications was
digitized and provided with this publication (on the arXiv
server). An unbiased choice of this will then be used by Krijt
et al. to be compared to collision models. In Sect. 2 we will
give a general overview of experimental techniques used to
study the normal collisions between two spheres or between
a sphere and a plate. In Sect. 3 we will then describe all the
experiments provided in Table 1 and refer to the methods
used. A first qualitative comparison between some of these
experiments and the expectations from Fig. 1 will then be
given in Sect. 4 along with a discussion of the surface con-
ditions of the samples used. Surface conditions will turn out
to potentially be critical as further discussed by Krijt et al.
Finally, we hope that this review on the experiments as well
as the raw data provided will stimulate further work on the
comparison of theory and experiments, to the development
of more realistic theories and more precise experiments.
2 Methods used to study normal collisions
A detailed description of the experiments in the literature
will be given in the next section. Before that, we want to in-
troduce general experimental methods to study normal col-
lisions, which will then be referred to.
2.1 General techniques
The most simple experiment one could think of would be
to drop a sphere onto a plate and with the help of gravity
the collision velocity is then determined by the drop height
only. Observing multiple bouncing collisions and a thereby
resulting slowdown of the incident velocities, one can also
study collisions at velocities corresponding to drop heights
which might otherwise not be easily achievable, i.e., fractions
of a millimeter and thus velocities less than 0.1 m s−1.
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Collisions between two particles can be achieved by releas-
ing two particles on top of each other. The upper particle is
released first and catches up with the second particle which
is released slightly later. The time difference ∆t determines
the relative velocity v = g0∆t (g0 = 9.81 m s
−2) of the
entirely free collision and with the initial distance one can
control the vertical position where the collision takes place.
Due to restrictions in the smallest initial distance of the two
particles, very small velocities (e.g., 0.01 m s−1) can only be
achieved with long drop heights.
Higher velocities were achieved when inserting the spheres
into two opposite guide tubes, where they are held at one end
by an underpressure; the other end is open. The particles
are then pushed out by applying an overpressure where the
vacuum was before so that the spheres are pushed out in
the fashion of an air gun. Velocities up to 60 m s−1 without
rotation of the particles were reported with this method.
Another method to study two-particle collision at small
velocities is to suspend them on a pendulum, preferably
supported by two strings each particle, and release one or
both spheres from a certain height. Again, this allows for
the study of multiple bouncing collisions and extremely low
velocities have been reported, but it should be noted that
these collisions are never entirely free and the particles lack
some degree of freedom. This does not necessarily have to
be a problem but it should be considered. A torsion pen-
dulum was also reported for some experiments with one
sphere mounted to the pendulum and another sphere or
block steadily fixed. An advantage of pendulum experiments
in general is that – due to simple technical reasons – the im-
pact parameter can be more precisely tuned than in free
collisions.
In microgravity experiments, it is possible to study a sys-
tem of particles, i.e., a granular gas, which collisionally cools
due to the ongoing inelastic collisions. By this, completely
free and extremely slow velocities can be observed after some
time. For a limited microgravity time this requires a good
compromise for the particle density – dense for fast cooling,
sparse for good observability. With this design it is how-
ever not possible to control the impact parameter and the
rotation of the particles, which are therefore both arbitrary.
2.2 Particle release
The release of macroscopic particles can be achieved in dif-
ferent ways: a simple mechanism for magnetic particles is to
hold them with an electromagnet which is then switched off.
To avoid magnetic fields, the particles can also be held with
a small hole connected to a vacuum, which is then instantly
flooded to release the particle. Solenoid magnets have been
used, for instance in the design of a rotational solenoid mag-
net. With an initially vertical aligned arm and a spoon-like
mount at the end, the particle is released when the spoon
is instantly moved down as the arm is rotated around the
horizontal axis. Two linear solenoid magnets can be used
to hold a particle between them and then synchronously be
pulled apart. Also, a linear solenoid can be used to hold a
thin string, which is glued to or frozen into the particle and
then release it (or oppositely cutting a string). This string
must of course be of insignificant mass compared to a much
larger particle. Most of these techniques can and have been
designed in a way to minimize unwanted rotation.
2.3 Velocity measurement
The precise measurement of the velocity before as well as
after the collision is crucial for a good measurement of the
coefficient of restitution and also here we find many different
techniques. The most intuitive technique is probably to use
a video camera, preferably one with a high frame rate. The
velocities can then directly be determined from the images
and if a beam splitter or two cameras are used, one can
also determine the 3D velocity vectors in case of non-perfect
central collisions. If not available, a stroboscopic flashlight
and a photo camera with long exposure can substitute the
high-speed camera. Even a combination of a medium fast
camera and a stroboscopic flashlight (a pulsed laser in that
case) of known and constant illumination duration have been
described. The particles then appear on the images as long
streaks and the lengths as well as the distance of the streaks
yields the velocities.
Doppler systems have been reported for the velocity mea-
surement of micrometer grains. Slightly differing in the de-
tails, the common characteristic of these systems is that they
produce a Doppler shifted light signal, where the shift is pro-
portional to the particle velocity. This technique is mainly
used for droplets or aerosols.
Two successive light barriers with exactly known distance
can be used to measure the time difference between the two
signals when the particle crosses one of the barriers.
In the simple setup with a spherical particle repeatedly
bouncing on a horizontal plate, the velocity can be deduced
from the time difference between two bouncers and assum-
ing a perfect parabola. Air friction and other effects must
therefore not play a role in those cases. The time can be
measured by fixing an acoustic or acceleration sensor to the
target plate or even using a sensitive target (e.g., a piezo-
electric crystal). A light barrier close to the target would
also work.
2.4 Treating micrometer particles
While some of the techniques mentioned above can also be
applied to micrometer-sized particles, these normally require
a special treatment. A major complication with small par-
ticles is their tendency to aggregate while one rather wants
to study collisions with individual particles. One solution is
to freshly form these particles in an aerosol generator (e.g.,
vibrating orifice) and not to give them a chance to aggregate.
If they are aggregated however, particle dispersers exist,
using electrostatic effects so that the particles must be dis-
charged after the disaggregation. Another method is to
mechanically disaggregate them in the collisions with the
cog of a fast rotating cogwheel or with the blades inside a
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turbomolecular pump. The disadvantage of disaggregated,
micrometer-sized particles can be their unknown state of
rotation and charge.
The thus disaggregated particles may have an initially ve-
locity from the dispersion process which can be used. If
not, they can be accelerated by gravity or suspended in an
aerosol to be transported and then separated into gas and
particles by a nozzle and/or a skimmer.
2.5 Preparation and handling of ice particles
In general icy samples have to be handeled and prepared
in a different way than ‘warm’ samples. Ice samples can be
prepared from larger ice blocks by melting them to shape af-
terwards, they can be frozen inside molds or can be produced
by freezing of water droplets in liquid nitrogen or a cold and
dry gas environment. The former methods are often used for
the production of larger scaled samples, whereas the latter
can be used to create ice samples of a few millimeters and
less. The production of large ice blocks without cracks is
also challenging and can either be achieved by subsequently
freezing multiple layers of water or by very slowly decreasing
the temperatures.
Additionally, ice samples have to be handeled in a cold
and dry environment e.g. cold nitrogen gas, cold rooms or
cryogenic vacuum chambers, to avoid frosting of the surfaces
that will alter the collisional properties. Whenever samples
are loaded into experimental setups it has to be assured that
the sample carriers are pre-cooled to the desired tempera-
tures and that the tools are cold as well. Otherwise surface
changes cannot be avoided.
3 A review of impact experiments in the
literature
In this section, we review the laboratory experiments on
normal collisions which were available in the literature and
present a velocity dependence of the coefficient of restitu-
tion. A list of all experiments is given in Table 1, which
is roughly categorized into particles in the micrometer size
range (i.e., below 1 mm), particles larger, and particles con-
sisting of ice. To some level, this distinguishes also between
experiments which show adhesive behavior (rising slope in
Fig. 1) and collisions where plastic behavior dominates
(falling slope in Fig. 1). Ice is treated separately because
of the different techniques and problems with these experi-
ments. The experiments with micrometer particles are de-
scribed in Sect. 3.1, those with millimeter particles in Sect.
3.2, and the ice experiments are outlined in Sect. 3.3. Ex-
amples of the coefficient of restitution data for the two size
regimes are presented in Figs. 2 and 3.
3.1 Experiments with micrometer particles
Dahneke (1975) presented direct time-of-flight measure-
ments of 1.27 µm polystyrene latex and 2.02 µm polyvinyl-
toluene microspheres in a collimated beam striking a pol-
Figure 2: Examples of micrometer particle collisions showing
adhesive as well as plastic behavior. Red crosses and solid line
Dahneke (1975, latex, 1.3 µm), green dashed line Poppe et al.
(2000a, silica, 1.2 µm), orange diamonds Wall et al. (1990, flu-
orescein, 5 µm), blue squares Li et al. (1999, steel, 10–65 µm),
purple circles Kim and Dunn (2008, Ag-coated glass, 40 µm).
The black dotted curve represents one arbitrary model curve of
Thornton and Ning (1998) for vy = 3 · vs = 1 m s−1.
ished quartz target. The incident particles crossed two light
barriers with a known distance, struck the target and were
rebound to cross the light barriers again. The velocity was
controlled by the residual air pressure in the last of a series of
vacuum chambers which decelerated the microspheres; pos-
sibly charged particles were precipitated by an electric field
before entering this last vacuum chamber. It is noteworthy
that the rebounding velocity vector was found to be nor-
mal to the target within a diffusion angle as small as 1◦ (in
contrast to to Poppe et al., 2000a, below). With these mea-
surements, they provided low-velocity (2 – 15 m s−1) data on
the coefficient of restitution in the adhesive regime as well as
high-velocity data (15 – 375 m s−1) in the plastic regime for
the 1.27 µm latex spheres and an intermediate regime for the
2.02 µm polyvinyl-toluene particles. The curve for the plas-
tic regime shows no scatter and it is not exactly described
how this was achieved. The data was shown however in
Dahneke (1995) and are very smooth. With the experimen-
tal setup described in Dahneke and Friedlander (1970), also
using a collimated particle beam of the latex particles, Dah-
neke (1973) provided measurements on the sticking velocity
of these. To achieve this, he measured the distribution of
particles in the beam and the fraction of particles sticking to
the target to indirectly deduce the sticking probability func-
tion. The critical sticking velocities thus obtained were 0.83
and 0.92 m s−1 for for stainless steel and polished quartz tar-
gets, respectively. The sticking velocities were higher than
expected and one possible explanation is the coating of the
latex particles with a layer of a dried stabilizing agent with
an expectedly different surface energy.
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Table 1: List of referenced experiments.
Experiments with Micrometer Particles
regime projectile material target material diameter [µm] velocity [m s−1] reference
S A P polystyrene latex, quartz 1.3, 2.0 2 – 375 Dahneke (1973, 1975)
polyvinyl-toluene
A P ammonium molybdenum, PVF, 2.6 – 6.9 1 – 100 Wall et al. (1990),
fluorescein silicon, mica John (1995)
A Ag-coated glass steel, copper, 1 – 30 2 – 25 Dunn et al. (1995)
aluminum, PVF
A steel silicon 10 – 125 0.4 – 4.6 Li et al. (1999)
S A Ag-coated glass silica 40 0.04 – 0.44 Kim and Dunn (2008)
S P silica silica, silicon 0.5 – 1.2 0.2 – 20 Poppe et al. (2000a)
Experiments with Millimeter Particles and Larger
regime projectile material target material diameter [mm] velocity [m s−1] reference
C P steel steel 12.7 6.5 – 135 Lifshitz and Kolsky (1964)
P steel, brass, glass, cork same 15 – 20 0.2 – 5 Kuwabara and Kono (1987)
P steel steel 1.29 5 – 200 Kangur and Kleis (1988)
P steel PMMA, aluminum 5, 10 1.7 – 3.8 Sondergaard et al. (1990)
C soda-lime glass, either same 3, 6 0.3 – 1.7 Foerster et al. (1994)
acetate or aluminum
C polysterene latex, same (free or glued) 3 – 5 0.2 – 1.9 Lorenz et al. (1997)
glass, acrylic, steel or aluminum
P nylon same 6 – 25 0.7 – 60 Labous et al. (1997)
C tungsten carbite piezo sensor 8 0.002 – 0.023 Falcon et al. (1998)
P alumina aluminum alloy 5 0.5 – 6.3 Gorham and Kharaz (2000)
P alumina polycarbonate 3.2 0.2 – 2.2 Louge and Adams (2002)
P brass, aluminum same 55 0.3 – 1.3 Weir and Tallon (2005)
P steel same 25.4 0.4 – 2.0 Stevens and Hrenya (2005)
P steel sandstone 3 0.14 – 2 Imre et al. (2008)
A iron same 4 0.01 – 0.95 Grasselli et al. (2009)
A alumina, steel, acrylic same 3, 4 0.05 – 0.5 Sorace et al. (2009)
C granite same 1000 0.1 – 1.5 Durda et al. (2011)
P steel, brass, aluminum, delrin steel, granite 6 – 19 0.001 – 2 King et al. (2011)
P steel glass 6 0.2 – 1.2 Montaine et al. (2011)
C soda-lime glass same 10 0.01 – 1 Beger (2012)
Experiments with ice particles
regime projectile material target material diameter [cm] velocity [m s−1] reference
S P ice same 5 – 50 10−5 − 10−2 Bridges et al. (1984, 1996),
Hatzes et al. (1988, 1991)
C ice same 2 – 5 0.01 Dilley and Crawford (1996)
C P ice same 0.28 – 7.2 0.01 – 10 Higa et al. (1996, 1998)
C ice same 1.5, 1 0.06 – 0.22 Heißelmann et al. (2010)
Regime abbreviations denote: A: adhesive regime; P: plastic regime; S: sticking velocity; C: regime with constant coefficient of
restitution
Wall et al. (1990) presented a sophisticated setup of
freshly producing ammonium fluorescein particles, trans-
porting them to a ’bounce cell’ with different target ma-
terials and measuring incoming and rebound velocities with
a dual-laser-beam Doppler system. The fluorescein particles
(3 – 7 µm diameter) produced in a vibrating-orifice aerosol
generator were analyzed to have surface roughnesses of 3
nm and targets were also chosen with greatest care consider-
ing surface conditions: molybdenum was hand-polished with
1200-mesh silicon carbide particles; silicon was cut from an
electronics-grade, single-crystal wafer; muscovite mica was
handled with care to maintain the crystal layer; polyvinylflu-
oride (PVF, Tedlar) was chosen as a soft, deformable target.
Surfaces were examined by scanning electron microscopy
(SEM) and laser interferometer and roughnesses were as
good as 5 nm for molybdenum on the microscale (still with
0.3 µm asperities) and better than 0.1 µm (resolution limit
of their SEM) for silicon and mica targets. Velocities were
taken by Doppler shift measurements 10 µm above the tar-
get to reduce the influence of deceleration from the residual
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gas and not processed for single impacts but mean values of
250 individual collisions were taken instead. As the impacts
were upside down, bouncing secondary collisions with ve-
locities as small as 2 m s−1 could be included. This yielded
a measurement range of coefficients of restitution from 2
to 115 m s−1, resolving the adhesive as well as the plastic
branch of the e(vi) curve. Additional data of this work, es-
pecially those on different particle sizes, were later presented
in the review article by John (1995).
The experimental setup of Dunn et al. (1995) had some
similarities to the one of Wall et al. in that velocities were
also measured with a similar Doppler system right before the
target plate. In their experiments, the particles were glass
microspheres (1 – 30 µm) coated with a 500 A˚ thick silver
layer, which were dispersed in an electrostatic particle dis-
perser (described by Olansen et al., 1989) with subsequent
discharging. Also steel and nickel particles were mentioned
but no quantitative results were presented. After dispersing,
the spheres had exit velocities of up to 20 m s−1 and were fur-
ther vertically accelerated to achieved velocities from 2 to 25
m s−1. Targets were stainless steel, copper, and aluminum,
which were hand polished to achieve smooth, mirror like fin-
ishes verified with an SEM (steel as smooth as 40 A˚, others
with 1 µm irregularities). Some steel targets were coated
with a 2 µm layer of siloxane, a fifth surface type, PVF,
was handled as a thin film that was glued on an aluminum
mount. It is noteworthy that all particles had a conducting
surface to avoid spot charges and the charge was explicitly
measured on the grounded, also conducting target. The au-
thors concluded that charge effects did not have an influence
on the results on the coefficient of restitution. Moreover, in
contrast to Wall et al., Dunn et al. were able to correlate
the incident and rebound of individual particles to measure
the coefficient of restitution of individual collisions instead
of mean values. Mean values were taken only after that.
In their data, a clear effect of adhesive energy dissipation
for velocities below approx. 10 m s−1 can be seen for each
target. Moreover, the level of relatively constant coefficient
of restitution was the lowest for the softest material (PFV)
and the highest for the hardest material (steel).
Li et al. (1999, from the same group) used the same ex-
perimental setup as Dunn et al. with the major difference
that the particles were accelerated only due to gravity and
the drop height yielded velocities in the range from 0.4 to
4.6 m s−1, i.e., slower than those of Dunn et al. It is there-
fore not clear whether they used the same particle disperser,
although this is well possible as the particles were different.
Those were stainless steel microspheres of two kinds with
size distributions between 10 – 65 µm and 60 – 125 µm and
smoothness as good as the resolution of their SEM. For the
target they used a plane silicon crystal with surface-asperity
heights within 10 A˚ standard deviation. Although the ve-
locities were significantly smaller than those of Dunn et al.,
coefficients of restitution in the adhesive regime are still as
high as 0.4 due to the larger particle size.
A third publication from this group, the article of Kim
and Dunn (2008), provided direct imaging results of micro
particle collisions. 40 µm glass microspheres coated with
Ag were dispersed and vertically dropped on a silica target
plate. The collisions under atmospheric conditions were re-
solved with a high-speed camera in back-light illumination
of which an example is presented in the paper. A small
number of 11 collisions at velocities from 0.04 to 0.44 m s−1
clearly shows the adhesive branch of the e(vi) curve with
three sticking instances at the low velocities. Particle and
target surface conditions were not further described so it
must be assumed that at least the Ag-coated projectile par-
ticles were similar to those having been used by Dunn et al.
Experiments with 0.5 and 1.2 µm diameter silica spheres
were performed by Poppe et al. (2000a). The particles were
deagglomerated with a fast rotating cogwheel (ca. 50 m s−1
circumference velocity) and then brought to collision with
a flat silica or silicon-wafer target at a velocity of 0.2 to 20
m s−1. Trajectories of impacting and rebounding particles
were observed by a high-speed camera in the forward scat-
tered light of a pulsed laser. Due to this optical setup, a
strip of approx. 10 to 40 µm next to the target could not
be observed. The impacting particles possessed a charge of
few elementary charges, which was studied in a second pa-
per by Poppe et al. (2000b) and were found to significantly
charge up due to collisional tribocharging with the target.
In contrast to the findings of Dahneke (1975) the rebound
angles exhibit a significant scatter, possibly due to an un-
known rotation around their own axis. Also the coefficient
of restitution shows a large scatter, but the averaged data
shows a clear decrease with increasing velocity. The authors
present detailed measurements on the sticking velocities for
three of the four projectile-target combinations. The adhe-
sive branch of the e(vi) curve (cf. Fig. 1) can unfortunately
not be concluded from the presented data. Surface condi-
tions from measurements with an atomic force microscope
(AFM) were reported in their Table 1 for targets and pro-
jectiles and were in a range of 0.15 to 1 nm in root mean
square deviation from the average surface for a scanned area
of 50× 50 nm2.
3.2 Experiments with millimeter particles
Lifshitz and Kolsky (1964) performed experiments with 12.7
mm steel balls impacting on a 5 cm thick mild-steel block.
The steel ball was suspended on a thin long wire on which it
was pulled aside to horizontally collide with the steel block in
a series of rebound collisions. The friction of this pendulum
(1 – 2 % energy loss per swing) was measured in free oscil-
lation without a steel block and corrected from the results.
Camera observations of the bouncing steel ball yielded the
coefficient of restitution for a range of velocities from 0.07
to 1.4 m s−1 which showed to be constant for velocities less
than 0.3 m s−1 where the material started to yield and show
a decline of the coefficient of restitution for higher velocities.
The authors also discussed the effect of surface roughness:
for their initial conditions, the coefficient of restitution in the
low-velocity (elastic) range was below 0.82 with a significant
6
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Figure 3: Examples of millimeter particle collisions. Orange
circles Sorace et al. (2009, alumina, 5mm), purple diamonds
Gorham and Kharaz (2000, alumina, 5mm), red squares Lifshitz
and Kolsky (1964, steel, 13 mm), green triangles Labous et al.
(1997, nylon, 7 mm), blue crosses Sondergaard et al. (1990, steel,
5 mm). The black dotted curve represents one arbitrary model
curve of Thornton and Ning (1998) for vy = 3 · vs = 1 m s−1.
scatter. In two polishing steps, they were able to reduce the
scatter and increase the constant coefficient of restitution
to 0.87 and 0.95. The final surface conditions are described
as highly reflecting mirror finish, however with small pits
observable under an optical microscope.
The sparsely described experiments of Kuwabara and
Kono (1987) were performed on a 2 m long pendulum be-
tween steel, brass, glass, and cork spheres of 15 to 20 mm
diameter. Additionally, they used cork spheres with a lead
core and a cork plate fixed to a heavy iron block. Velocities
were obtained using a video camera and are in a range from
0.2 to 5 m s−1. Some of the datasets show a decrease of the
coefficient of restitution with increasing incident velocity.
The article of Kangur and Kleis (1988, in Russian) was
not accessible to us but is featured by Kim and Dunn (2007).
The experiments of a 1.29 mm diameter stainless steel ball
impacting a massive stainless steel plate were performed at
a velocity from 5 to 200 m s−1. The coefficient of restitution
is falling from 0.7 to 0.1 over that range.
Sondergaard et al. (1990) presented vertical impacts of
steel and bronze ball bearings onto plates of polymethyl
methacrylate (PMMA, lucite) or aluminum. One focus of
this work was on the effect of the plate thickness but one
series of experiments with steel ball bearings of 5 and 10 mm
diameter colliding with a 1.27 cm thick PMMA plate shows
the weak velocity dependence of the coefficient of restitution
for these collisions in a range from 1.7 to 3.8 m s−1. The only
information about the surface conditions was that the steel
balls were precision ball bearings.
An experimental setup to study free particle-particle colli-
sions without rotation is presented by Foerster et al. (1994).
Soda-lime glass spheres of 3 mm diameter or cellulose ac-
etate spheres of 6 mm diameter are vertically aligned and
dropped with a slightly different timing. The top sphere is
released first and the velocity is determined by the time dif-
ference of releasing the second particle. Beside the mutual
collisions, impacts on 64 mm thick aluminum plates were
studied with the same setup. With stroboscopic images of
the particles before and after the collision, the authors de-
termined the incident and rebound velocities of the oblique
impacts. A model of Walton (1993) and the balance be-
tween linear and angular moments determines the normal
and tangential coefficient of restitution, which are given as
a constant for the studied range from 0.3 to 1.7 m s−1 in
normal velocities vn – the absolute velocity vi was constant
for either sphere-sphere or sphere-plate collisions and only
the incident angle or impact parameter was changed. The
raw data of e(vn) is not presented and the constant value
over the considered velocity range is a model assumption.
Surface conditions are stated as polished and grade 200 for
the soda-lime glass, ashed for the acetate and machine finish
for the aluminum plate.
The same setup is used by Lorenz et al. (1997) using lead-
free glass, polystyrene, acrylic, and steel spheres of 3, 4, 4,
and 5 mm diameter, respectively. Some experiments are
reported in which the bottom spheres were fixed on a sta-
tionary aluminum plate. The surface conditions are such
that they represent affordable, normal quality spheres. An
indication for the quality is the deviation from sphericity of
1.1 % of the diameter for the glass beads. For another appli-
cation focused study, they used ’spent’ glass beads, which
were circulated in a chute facility for 20 hours and expe-
rienced considerable abrasion. The difference can be seen
in the scatter of the data, but again the raw e(vn) data is
not presented but only the mean valued deduced from the
model. The velocity range in vn between 0.2 and 1.9 is sim-
ilar to the one of Foerster et al. Besides the free collisions
and the collisions with a plate, also collisions with a sphere
glued to the bottom plate were studied.
Experiments from the same group are described in Louge
and Adams (2002). The apparatus is similar to the one de-
scribed by Foerster et al. and the 3.2 mm alumina beads
collide with a polycarbonate plate at oblique impact angles.
Again based on the model of Walton, the authors concluded
the normal coefficient of restitution from the oblique impact
and presented a velocity dependence of the coefficient of
restitution. Two datasets of different drop heights yield two
different absolute velocities and with a variation of the im-
pact angle a range of normal velocities. However, these two
datasets do not satisfactorily collapse and the authors con-
clude that the change in the coefficient of restitution cannot
solely be attributed to the variation of the normal velocity.
They partly explain this by an expectedly asymmetric de-
formation of the sphere during the contact. It should be
noted that coefficients of restitution of normal impacts and
the normal components from oblique impacts were highly
comparable in the results presented by Gorham and Kharaz
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(2000, see below). However, due to the geometry the data on
the coefficient of restitution of Louge and Adams lie mainly
above unity (0.9 – 1.3), in contrast to Gorham and Kharaz.
The alumina spheres were obtained from Hoover Precision
who provided either grade 10 or 25 surface quality at the
time of writing this article.
Sorace et al. (2009) developed a precise pendulum setup
to study the collision of small but macroscopic spheres of
alumina, steel (both 3 mm diameter) and acrylic (4 mm) at
velocities between 0.05 and 0.5 m s−1. The spheres were each
suspended on two spectra fibers with precisely tuned length
and released from a certain angle to collide several times.
According to the authors, the coefficient of restitution did
not change after several collisions because the spheres were
to small to be sufficiently flattened in the collisions (i.e., no
wear; in contrast to experiments with heavier particles by
Falcon et al. or Weir and Tallon (2005, see below)). With
a photogate they measured the time between two succes-
sive collisions to calculate the highest oscillation point and
take a picture. The resultant coefficients of restitution for
the higher velocities were consistent with measurements of
Lorenz et al. and showed a typical adhesive decline for ve-
locities below approx 0.25 m s−1. Fitting their results with
models of Thornton and Ning (1998) and Brilliantov et al.
(2007), the extrapolated sticking velocities were found to be
much higher than expected.
Free particle-particle impact experiments at higher veloci-
ties were performed by Labous et al. (1997) using 6.35, 12.7,
and 25.4 mm diameter nylon spheres and a video imaging
system. The particles were fit into a tube, held by an un-
derpressure and then pushed out by an instantly applied
overpressure to achieve relative velocities between 0.7 and
60 m s−1. For velocities higher than 10 m s−1 the coefficient
of restitution declined from a relatively high and constant
level, which indicates plastic behavior. Unfortunately, the
authors do not provide detailed information on the surface
conditions of their nylon spheres.
Falcon et al. (1998) used a similar particle release mech-
anism as Foerster et al. (holding the particle with an un-
derpressure) and studied the collision between 8 mm diame-
ter, non-rotating tungsten carbite beads and a PCB 200B02
piezoelectric sensor mounted on a 2 cm thick duraluminum
(an aluminum alloy) plate. The collisions were normal and
vertical, i.e., downward incident velocity. They studied mul-
tiple bounces and recorded the data from the piezoelectric
sensor with a digital oscilloscope with a time resolution of 10
ns which only recorded the last and thus slowest collisions.
To achieve a sufficient number of bouncing collisions, the
target plate was carefully adjusted in the horizontal direc-
tion and the spheres had to be precise enough. The tungsten
carbide beads described in the paper had a tolerance of ±1
µm and a sphericity of ±0.8 µm, surface conditions were
not described. In the studied velocity range from 0.02 to
0.23 m s−1 they observed a constant coefficient of restitu-
tion around 0.97 for the higher velocities and an increasing
scatter whilst a slightly decreasing trend for velocities below
0.1 m s−1. Although this could be expected to be indicative
for adhesion, the authors argue in detail that this effect can
be attributed to gravity.
In the experiments described by Gorham and Kharaz
(2000), a 5 mm diameter alumina bead is dropped onto an
aluminum alloy plate from drop heights between 1 cm and
2 m (0.45 to 6.3 m s−1). The beads are precisely released in
a similar fashion as Foerster et al. and cross a light barrier
to trigger a camera and a stroboscopic light for achieving
very reproducible measurements. This requires very pre-
cise surface conditions of projectile and target, which can
be concluded from the data but is not described (only the
deviation from sphericity of the alumina sphere is stated as
< 0.12 µm). The focus of the paper is on the angular depen-
dence of the coefficient of restitution and the validation of
the model of Maw et al. (1976) but also the velocity depen-
dent coefficient of restitution for normal collisions exhibits
a low scatter and shows a clearly plastic behavior. The co-
efficient of restitution from the normal velocity component
of a series of oblique impacts is indistinguishable from those
of a series of normal impacts.
The rather theoretically focused work of Weir and Tallon
(2005) features some collision experiments to verify their
theory. These are experiments with a pendulum using a
pair of 3.8 m long thin wires for each particle. The two
colliding particles were either 55 mm diameter brass and
aluminum beads of one of these beads and 50 mm diameter,
45 mm length cylinder colliding with the flat plane. One
sphere was raised and released and the incident and rebound
velocities were calculated from the release height and the
furthest extend of travel after the collision, recorded by a
video camera. In the velocity range from 0.3 to 1.3 m s−1,
a decreasing trend for the coefficient of restitution can be
observed, while it is not clear whether the data presented
are mean values or single impacts. The surface conditions
of the spheres were not described.
In the experiments of Stevens and Hrenya (2005) a pen-
dulum was used to study collisions between either stainless
steel or chrome steel balls of 25.3 mm diameter. The veloci-
ties were measured with a pair of light barriers for each par-
ticle and they also measured the contact time of the electri-
cally connected spheres via resistivity measurement. While
Stevens and Hrenya provide the exact names for their ma-
terials (steel grade 316 and AISI 52100, respectively) and,
with this, the mechanical properties, they do not make a
statement about the surface conditions.
Imre et al. (2008) dropped 3 mm ball bearing steel balls
onto natural polished sandstone targets (see Imre et al. for
a detailed description of the target material). The steel pro-
jectile was released by switching off either an electromagnet
or a vacuum (both methods were mentioned in the paper
and it is not clear which was used for this series). The
drop heights of 1 to 200 mm determine an impact veloc-
ity of 0.14 to 2 m s−1 and although multiple bounces were
taken into account, velocity dependent coefficients of resti-
tution are only given for very few discrete velocities. The
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coefficients of restitution were determined from the flight
times between two bounces, recorded with an acceleration
sensor glued to the target material. Different target mate-
rials were also studied but these were performed only for a
single constant velocity where the coefficient of restitution
was expected to be at a constant plateau before the onset
of plastic dissipation.
Grasselli et al. (2009) performed an experiment under the
reduced gravity condition of a parabolic flight. They studied
an ensemble of 4 mm diameter iron beads contained in a
glass cell. This cell was vibrated to distribute the particles
in the cell and the vibration was then turned off after a
few seconds. The particles collided and due to this energy
dissipation became gradually slower, allowing for collision
velocities down to 1 mm s−1. For slow velocities below 20
cm s−1 the coefficient of restitution is decreasing. A general
drawback of this kind of experiment is however that the
rotation of the particles, which contributes to the coefficient
of restitution, is unknown. The surface conditions of the
iron beads were not specified.
Impact experiments with the largest samples we are aware
of were performed by Durda et al. (2011). Suspended on
approx. 15 m long cables on two cranes were two granite
spheres of 1 m diameter. These were milled from massive
blocks and the surfaces were described as relatively smooth
but not being polished. From the feasible angles to raise the
1.3 ton particles, Durda et al. achieved a velocity range from
0.1 to 1.5 m s−1 and found a relatively constant coefficient
of restitution of 0.8± 0.06, where the standard deviation is
also more or less comparable to the measurement accuracy.
With a vacuum release mechanism, King et al. (2011)
dropped steel, brass, aluminum, and Delrin (POM-H)
spheres of diameters from 6.24 to 18.76 mm (most were 9.4
mm) onto solid plates. This plate was either a steel disk of
22 cm diameter and 2.5 cm thickness or a heavy optical table
from granite (120× 80× 30 cm3). In most experiments the
contact with the plate was detected with an accelerometer,
which was attached 5 cm from the impact point. For the
lowest velocities down to 1 mm s−1 they used the steel tar-
get and conductive balls, which were electrically connected
(a detailed description on this is not given). The coefficient
of restitution in both cases follows from the time differences
between the individual collisions. For the brass balls (which
were most used in that study) a surface topography is pre-
sented in their Fig. 3. The mean deviation is better than
0.5 µm. They moreover describe how they frequently change
the spheres and surface grind the steel plate. As a result,
King et al. find a coefficient of restitution which they de-
scribe as non-monotonic. While plastic dissipation is likely
for velocities larger than 0.1 m s−1, the behavior at lower
velocities cannot easily be understood.
A very large set of data, including 2 · 106 collisions is
presented by Montaine et al. (2011). Using a vacuum release
mechanism, they studied the collision of a 6 mm diameter
stainless steel ball bearing with a glass target (30 × 10 ×
1.9 cm3). Again, a piezo sensor connected to the glass plate
measured the time difference between successive collisions
and thus collision velocities and coefficients of restitution
of 90 – 100 successive collisions. After such a set of data,
the sphere was picked up by a robot arm and dropped from
the same height but at a random position within the target
plate’s center. Experiment were conducted at air pressure
but it is described that temperature and humidity were kept
constant. The surface conditions is described as having tiny
scratches. Moreover, since the same sphere was used for all
collisions, sphere and plate were analyzed with a Scanning
Electron Microscope at the beginning and the end of these
experiments without revealing a significant difference. an
interesting result is the observed scatter of the coefficient of
restitution. For a constant velocity, the mean value is very
significant but the data smoothly scatter around this value.
Beger (2012) performed free collision experiments with a
two-particle release mechanism inside a 1.5 m long vacuum
glass tube. Two high-speed cameras were synchronously
falling outside the glass tube to observe the collision; details
of the setup are provided by Beitz et al. (2011). The long
free fall length and the falling camera allow a collision veloc-
ity from 0.01 m s−1 compared to the 0.2 m s−1 of Foerster
et al. without using a glass tube. The highest velocity that
was studied by Beger was 1 m s−1. The normalized impact
parameters were mostly around 0.1 and always smaller than
0.25 and they used 10 mm soda-lime glass beads which were
either smooth or etched. The surfaces were scanned with a
laser displacement meter and show a roughness of ±0.1 µm
for the smooth spheres and ±5 µm for the etched ones. Ad-
ditionally, the smooth spheres show about one asperity of 1
µm height per measured profile line of 100 µm length. The
data show coefficients of restitution of 1.01 for the smooth
spheres at 1 m s−1, with a scatter of less than 0.01, which can
only be explained by a systematic error (e.g., due to a slight
rotation before the collision). However, there is a statisti-
cally significant trend for decreasing coefficient of restitution
with decreasing velocity (0.93 at 0.01 m s−1), which does not
really compare to the adhesive part of the red curve in Fig.
1. The etched spheres generally have a smaller coefficient of
restitution, which is evident in the mean values, but show
the same trend.
3.3 Experiments with ice particles
Bridges et al. (1984, 1996) and Hatzes et al. (1988, 1991)
present results obtained from experiments colliding water
ice spheres with a flat brick-shaped ice wall by means of
a sophisticated compound disk pendulum. The collision ve-
locities and the respective coefficients of restitution were ob-
tained from frequency measurements of the pendulum using
a capacitive deplacement detection. The used samples were
of radii of curvature 2.5, 5, 10, and 20 cm and were collided
inside a cryostat apparatus at velocities between 10−5 and
10−2 m s−1, temperatures ranging from 90 to 170 K. The
sample surfaces were categorized into three different surface
conditions, namely (1) smooth and frost free, (2) roughened
through sublimation, and (3) frost covered, where the latter
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was quantified to comprise a 10 – 30 µm thick frost layer.
The authors reported a decay of the coefficient of restitu-
tion with increasing collision velocity and derived exponen-
tial and power-law descriptions from the fits to their data.
They also found that surface roughness, e.g., frost layers,
significantly reduced the coefficient of restitution and quan-
tified this effect to be as large as 30 %. Frost was also
considered to be responsible for the scatter of their data.
The influence of the frost layers showed to decrease with the
number of collision contacts at the same spot indicating a
local compaction.
Dilley and Crawford (1996) used a modified deep freezer
that comprised the bottom end of a bifilarly suspended
string pendulum to collide ice spheres of 2, 2.4, 3, and 5
cm diameter with a solid ice block of 4 kg mass. The pen-
dulum of 10 m length allowed for central collisions at 253
K temperature. The collision velocities were obtained by
measuring the pendulum amplitude from a video recording
in slow motion playback by means of a ruler. Prior to the
collision experiments the sample spheres were collided with
the target block for a couple of times to compress frost lay-
ers that have accumulated on the surface of the samples due
to humidity of the ambient air. A detailed description of
the surface properties was not given. The authors report
data that was obtained for collision velocities of approx.
0.01 m s−1 and they observed a mass-dependent decrease
of the coefficient of restitution with decreasing mass. The
results were derived from mean values, because the varying
humidity and ambient temperatures during the experiments
caused significant scatter of the obtained data as a result of
varying frost conditions. A velocity dependency was mod-
eled using a model by Dilley (1993) that was derived to fit
the data of Hatzes et al. (1988). Dilley and Crawford com-
pared the modeled behavior of e with control experiments
using steel spheres and a steel brick.
Higa et al. (1996, 1998) present results from drop bar ex-
periments of polycristalline ice spheres. They used a bar
to push the sample out of a cooling mold and thus initi-
ated the impacts of smooth and frost-free ice spheres (0.28
– 7.2 cm diameter) on polished ice blocks (10×10×10 cm3,
28 × 28 × 28 cm3 and 9 × 9 × 3.5 cm3), respectively. The
collision velocities ranged from 0.01 to 10 m s−1 and were
observed at temperatures between 113 and 215 K using a
cryostat apparatus or 245 to 269 K when being performed
in a cold room. All measurements of the coefficients of resti-
tution were obtained either by high-speed camera recording
(200 or 500 fps) resolving the collisions or by acoustic emis-
sion sensors providing the time differences between consec-
utive bounces. The authors divide their data into three
categories: (1) non-cracked spheres, (2) cracked spheres,
and (3) fragmenting collisions. They found that the crit-
ical fracture velocity increases with decreasing temperature
and is constant below 215 K. Below a critical velocity vc the
coefficients of restitution showed no velocity dependence,
whereas it decreases according to e = eqe(v/vc)
− log(v/vc)
with increasing velocity above vc. The factor eqe describes
the coefficient of restitution of the quasi-elasitic regime. A
temperature dependence could not be observed, but a size
dependence of the coefficient of restitution was observed in
the quasi-elastic regime below vc. Higa et al. (1996) also
conducted experiments with frosted spheres clearly showing
a decreases of the coefficients of restitution with decreas-
ing collision velocity, which contradicts the results of Hatzes
et al. (1988).
Heißelmann et al. (2010) studied free individual collisions
of water ice spheres under microgravity conditions at colli-
sion velocities of 0.06 to 0.22 m s−1 where the normalized
impact parameters varied from 0 to 0.5. The particles of
1.5 cm diameter showed a mean coefficient of restitution
of 0.45 with uniformly distributed values ranging from 0 to
0.84. The data shows large scatter that is explained by slight
variations of thin frost layers on the particles’ surfaces. A
comparison to glass spheres with a rough etched surfaces
(same as Beger) shows a similar behavior with comparable
scatter of the data.
4 Discussion
In this section, we will draw a brief comparison between the
described experiments and the general shape of the coeffi-
cient of restitution curve provided by Thornton and Ning
(1998). This is just intended to put the data into a con-
text while the full analysis can then be found in Krijt et al.
(2013a,b). We saw that the surface conditions of the sam-
ples can play a decisive role for the value as well as for the
scatter of the coefficient of restitution. We will therefore
provide further information (and speculation if necessary)
on the surface conditions of the listed experiments.
4.1 Qualitative consistency between experimental
data and theoretical model
In Figs. 2 and 3, we plotted a model curve of Thornton
and Ning (1998) as the black dotted line for a qualitative
comparison with the provided data. The parameters are
chosen as vy = 3 · vs = 1 m s−1, only to fit into the chosen
plot range. As mentioned earlier (Sect. 1), the curve can
be shifted in the horizontal direction without changing the
overall shape. This only involves the yield velocity vy, which
is a material constant for any given sphere. Any change in
the sticking velocity vs will alter the shape of the maximum
as illustrated in Fig. 1. Knowing this, we can use this curve
to compare it to the experimental data in Figs. 2 and 3.
For the data with micrometer particles (Sect. 3.1 and Fig.
2) we first see that the rise of the coefficient of restitution
around the sticking velocity is steep and rather well repre-
sented by the model curve (especially evident for the data of
Kim and Dunn, 2008, purple circles). The maximums of the
data of Dahneke (1975, red crosses and solid line) as well
as Wall et al. (1990, orange diamonds) look rather broad
compared to the model. Even in the case of Dahneke, the
maximum is well below unity and not well represented by
any curve with vy  vs (compare red curve in Fig. 1). The
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data for mean coefficients of restitution from Poppe et al.
(2000a, green dashed line) nicely fits the slope in the plastic
regime and it even looks like there is a significant maximum.
However, although this maximum is close to the sticking ve-
locity of 1.1 – 1.3 m s−1 measured by Poppe et al. it should
be noted that the standard deviation of the data around
the maximum is around 0.1 and thus still in the same order
as the curving itself. So this might be physical while not
statistically significant.
For the collisions of millimeter-sized particles or larger
(Sect. 3.2 and Fig. 3), the slopes on the plastic side mostly
fit to the model curve. The rather flat appearance of the
data of Sondergaard et al. (1990, blue crosses) stretching
a rather narrow range in velocity might be explained if it
is close to the maximum, i.e., close to the yield velocity.
Otherwise, there is no data showing a sharp maximum and
the only plateau that can be seen is the one of Lifshitz and
Kolsky (1964, red squares). This would not fit well to the
model curve as the coefficient of restitution is around 0.95.
Lifshitz and Kolsky expected that the coefficient of restitu-
tion could have been increased when further polishing the
surface – they saw an increase in the coefficient of restitu-
tion when improving the surface quality. If this is true, a
perfectly smooth surface should have a coefficient of restitu-
tion very close to unity and could be described with a model
curve with vy  vs and for velocities less than the yield ve-
locity. The yield velocity should clearly be associated with
the kink in the data of Lifshitz and Kolsky. There are some
other data not featured in Fig. 3 which also show a constant
coefficient of restitution over a certain velocity range (e.g.,
Foerster et al., 1994; Falcon et al., 1998, and others) below
unity which are not explained by this model.
The increasing coefficients of restitution with increasing
velocity in the data of Sorace et al. (2009, orange circles)
could in principle well be described by a curve with vs ∼ 0.06
m s−1, as it has been shown by these authors. However, this
is rather surprising as this would require a surface energy of
100 J m−2 for alumina, while the expected surface energies
are one to two orders of magnitude smaller. It is not ex-
pected for two 3 mm alumina spheres to stick to each other
at velocities around 0.05 m s−1. This result was also sur-
prising to Sorace et al. and still lacks a good explanation
(the same conclusion holds for the steel and acrylic spheres
of Sorace et al.).
This section was intended give a brief overview on the ap-
pearance of a selection of experimental data compared to the
model of Thornton and Ning (1998). A deeper and quan-
titative analysis and a comparison to other models will be
given by Krijt et al. (2013b). Additionally, fits to these data
will yield material parameters, which can then be compared
to the expected values as discussed here in the example of
Sorace et al.
4.2 Surface Conditions
We have seen in the last section that many experiments show
maxima in the coefficient of restitution well below unity,
which are not as narrow as predicted by the model curve
of Thornton and Ning (1998). In this context, the experi-
ments of Lifshitz and Kolsky (1964) are noteworthy as they
described that it is possible to increase the level of this max-
imum by improving the surface conditions. They describe
that the coefficients of restitution were initially – for a ’finely
ground surface finish’ – very scattered and never exceeded
0.82. With two polishing steps, first ’very fine emery pa-
per’ and then ’very fine abrasives’, they could increase the
coefficient of restitution to 0.87 and 0.95, respectively, and
also the scatter became much smaller. The final surface was
a ’highly reflecting mirror finish’, however, with some pits
detected under a light microscope. This can be indicative
for not enough abrasion with the rougher grinding material
and thus a too fast or steep change of this. In any case,
a mirror finish was also described by Dunn et al. (1995),
who quantified this qualitative impression with SEM analy-
sis as flawless down to 40 A˚ (steel). Although this is already
a very good quality, Lifshitz and Kolsky argued that the
coefficient of restitution might even become higher with a
further improvement of the surface.
If we follow this line of arguments, we might conclude
that there is a relation between surface quality of the sam-
ples and the value of the coefficient of restitution. This is
not easy to establish from the given data but there are some
indications. First, we compiled the surface conditions of the
experiments provided in Table 1 in a second listing, Table
2. For those publications where any information is made on
the surface conditions, this is noted in the second column of
Table 2. Some authors have explicitly measured the surface
roughnesses of their projectiles and targets used. Methods
contain SEM analysis, AFM measurements, and laser dis-
placement analysis. In other experiments, ball bearings have
been used with quality according to a certain industrial stan-
dard, mostly the one of the American Bearing Manufacturer
Association (ABMA). If ball bearings were used but grade
not stated in the publication, it can sometimes be concluded
from other geometry tolerances given. It would be prefer-
ably to reduce the surface roughness to a single parameter
like the arithmetic average deviation from a line profile
Ra =
1
n
n∑
i=0
|yi − yˆ| , (1)
where yi−yˆ is the height difference of an ith point on a linear
profile to the mean value yˆ. The definition for the roughness
of a measured surface instead of a line works analog to this
one and also a root-mean-squared roughness is sometimes
used. Although all the information is reduced to a single
value, the Ra value has the advantage that it is in princi-
ple easily accessible, either by manufacturer information or
measurement.
We tried to provide these values in Table 2 wherever pos-
sible. As some are given for surface measurements and oth-
ers for profile lines, they are not exactly comparable, but it
should be sufficient for a rough comparison. At this point
however, we will leave this discussion to Krijt et al. (2013b)
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Table 2: Surface conditions of the referenced experiments in the same chronological order as in Table 1.
Experiments with Micrometer Particles
reference surface condition
Dahneke (1973, 1975) target ’polished’, very normal rebound (indication for good surface)
Wall et al. (1990), John (1995) projectiles smooth down to 3 nm, targets featureless at 0.1 µm resolution
(silicon, mica) or 5 nm with 0.3 µm asperities (molybdenum)
Dunn et al. (1995) steel targets ’virtually flawless’ at 40 A˚, others 1 µm irregularities
Li et al. (1999) projectiles ’smooth’ within SEM resolution(1), target 10 A˚ standard deviation
Kim and Dunn (2008) not described
Poppe et al. (2000a) AFM measurement, 0.15 – 1 nm root mean square
Experiments with Millimeter Particles and Larger
reference surface condition
Lifshitz and Kolsky (1964) ’highly reflecting mirror finish’ with ’small pits’ under optical microscope(2)
Kuwabara and Kono (1987) not described
Kangur and Kleis (1988) not described by Kim and Dunn (2007)
Sondergaard et al. (1990) ’precision ball bearings’(3)
Foerster et al. (1994) G200(4), ashed, or machine finish
Lorenz et al. (1997) ’affordable’, deviation from sphericity up to 50 µm
Labous et al. (1997) not described
Falcon et al. (1998) ±1 µm tolerance, ±0.8 µm sphericity(5)
Gorham and Kharaz (2000) ’deviation from sphericity of < 0.12 µm’(5)
Louge and Adams (2002) G10 or G25(4) (expected though not clearly described in the paper)
Weir and Tallon (2005) not described
Stevens and Hrenya (2005) not described
Imre et al. (2008) target polished
Grasselli et al. (2009) not described
Sorace et al. (2009) not described
Durda et al. (2011) ’smooth but not polished’
King et al. (2011) better than 0.5 µm, see their Fig. 3
Montaine et al. (2011) tiny scratches
Beger (2012) within ±0.1 µm (with few 1 µm asperities; ’smooth’) or ±5 µm (’etched’)
Experiments with ice particles
reference surface condition
Bridges et al. (1984, 1996), smooth, rough through sublimation, or frost-covered
Hatzes et al. (1988, 1991)
Dilley and Crawford (1996) frosted
Higa et al. (1996, 1998) smooth, polished, frosted
Heißelmann et al. (2010) slightly frosted (ice), glass beads ±5 µm (same as Beger, 2012)
(1) The authors are from the same group as Dunn et al. (1995), who stated their SEM resolution as 40 A˚.
(2) Dunn et al. (1995) also described a mirror finish achieved with 0.05 µm colloidal silica particle abrasives and quantified it to
’virtually flawless to within the stated resolution of the instrument (40 A˚)’. Pits which are resolved under an optical microscope
should be of the order of 0.1 – 1 µm.
(3) Precision ball bearings are generally referred to as ball bearings with grades G100(4) or better.
(4) The grade G of a sphere is an industry norm for geometric tolerances used for ball bearings – lower values mean better precision.
We are interested here in the surface roughnesses, which are 0.02 µm (G5), 0.03 µm (G10), 0.05 µm (G25), 0.08 µm (G50), 0.13
µm (G100), and 0.20 µm (G200).
(5) If those spheres are fabricated according to industry norm, a deviation of sphericity of 0.13 µm or 1.2 µm would correspond to
G5 or G50, respectively.
who do a more thoroughly analysis of the coefficients of resti-
tution and relate it to their surface conditions.
Finally, it should be noted that also the cleanliness of the
surfaces plays a decisive role. Dust floating around in the
laboratory may have sizes of a micrometer and this is more
than the surface roughnesses of most samples lieted in Table
2. Moreover, this dust is highly cohesive and samples must
be carefully cleaned when exposed to this. Some authors
12
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describe a careful cleaning of their samples or targets (Wall
et al., 1990; Sondergaard et al., 1990; Dunn et al., 1995; Higa
et al., 1996; Li et al., 1999; Poppe et al., 2000a; Gorham and
Kharaz, 2000; Beger, 2012).
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